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Abstract

Balancingthe load amongmultiple resourcesis critical for their efficient utilization. It hasbeen
shown in variouscontexts that very goodbalancingis achievedby assigningeacharriving taskto the
resourcewith the shortestqueueamongall queuesor evenamonga randomlychosensmall subsetof
the queues.Thereare,however, factorsthat limit the performanceof suchJSQschemesin practical
systems;theseincludeuntimelystateinformationandtheunknown servicetimeof thequeuedtasks.In
theabsenceof any queue-stateinformation,a differentapproach,prioritizeddispersal,canbeeffective.
There,moreresourcesthanareneededarerequested,but theextra requestsareassigneda low priority;
this representsselective exploitation of redundancy basedon partial but currentinformation. In this
paper, we presenta combinedscheme,JSQ-PD,wherebya high-priority requestis submittedto the
(supposedly)shortestqueue,andlow-priority redundantrequestsaresubmittedtootherqueues.Analysis
of thecaseof duplicaterequestsshowsthatthenew hybridschemesubstantiallyoutperformsJSQin the
caseof untimelyqueue-lengthinformationor significantvariancein servicetime, andis never inferior
to JSQ.Possibleapplicationsof this approacharenumerous,including parallel computers,operating
systemsandcommunicationnetworks.
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1. Intr oduction

An attractive way to increasethepotential performanceof a systemis to useparallelarchitectures.By so
doing,onecantakeadvantageof themostcost-effective technology;moreover, fault-toleranceis facilitated.
However, thepotentialperformancecanbefully realizedonly if theloadis equallyapportionedamongthe
multiple resources.Thesemaybestateless,suchasprocessorsandcommunicationpaths,soany resource
canbeusedfor any task;in othercases,suchasstoragedevicesandmemorybanks,theresourcesarestateful,
in which casethechoiceamongthemis limited. Theissueof loadbalancinghasbeenstudiedextensively
for avarietyof applications.

Intuitively, the load is balancedby allocatingtasksto unloadedresourcesor by transferringtasksfrom
loadedresourcesto lessloadedones.In many cases,however, transferringtasksis costlyor evenimpossible.
Thefocusof thispaperis onallocationschemeswithout reallocation.

1.1 “J oin the shortestqueue” (JSQ)policies

In its purestform, thisschemeentailsassigninganarriving taskto theresourcewith theleastnumberof tasks
in its queue.In practice,thechoicemayberestrictedby thefactthatnotevery resourcecancarryoutevery
task;examplesincludethechoiceof acell siteby amobilecommunicationunit [1] andmirroreddiskarrays.
Moreover, even if this restrictiondoesnot apply, thecostof discovering thequeuelengthof all resources
may be prohibitive, leadingto a voluntaryrestrictionon the choice. Mitzenmacher[2] andVvedenskaya
[3] showedthatevensuchlimited loadbalancingsufficesfor obtaininganexponentialimprovementin the
decayof thetail of thequeue-lengthprobabilitydensityfunctionwhencomparedwith theassignmentof a
taskto a randomly-chosenserver.

Performancecanoften be enhancedby permittinga taskto be partitionedsuchthat multiple resources
canjointly serve it. Partitioningcanalsobeviewedasanenablerfor finer loadbalancing,sinceanunequal
numberof subtaskscanbeassignedto differentresourcesif desired.

Yet anotherversionof JSQ-basedloadbalancingwaspresentedin [4] and[5] for redundantdisk arrays:
at recordingtime,a block of datais partitionedinto m subblocks,andr redundantonesarecomputedfrom
those,suchthat any m of the m r suffice for reconstruction.Theseare thenstoredin m r different
(“randomly” chosen)disk drives. When a block is requested,any m of the m r disks containingthe
subblocksmay be accessed.Here, the choiceis more restrictedthan in the original scheme.However,
sincestatefulresourcesareinvolved, this permitsan interestingtrade-off between(storage)overheadand
flexibility. [4] furtheraddressesthecostof accessing“redundant”blocksinsteadof theoriginal onesin the
context of a video-on-demandserver. It introducesselectiveexploitationof redundancy, which weighsthe
benefitof loadbalancingagainsttheextracost(processingandbuffer space)whendecidingwhichsubblocks
to read.

JSQhasbeenproposedfor numerousapplications,includingmultiprocessorsystems[6][7][8], diskarrays
[5][4], andcommunicationnetworks[9] [10]. While it is a goodtechnique,several factorsmaylimit JSQ’s
effectivenessin practicalsituations:

Thequeue-lengthinformationmaybeoutdateddueto physicallimitationsor theprohibitive overhead
associatedwith constantlyupdatingit (e.g.,[11]).
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Theservicetime for eachqueuedtaskis oftenunknown. In this case,shortestqueuedoesnot neces-
sarily imply least-loadedresource.

A resourceproviding servicemaybestalled,awaiting informationfrom otherresources,soeventhe
netservicetime for a taskis notnecessarilyanaccuratemeasure.

1.2 Prioritized dispersal[12]

In multipathcommunicationnetworks,thestateof theresources(network links) is never fully known. Max-
emchuk[13] proposeddispersity routing, wherebya messageis partitionedinto several (m) submessages,
whicharethensentto thedestinationover thedifferentpathsin astore-and-forwardnetwork. Dispersalas-
sistsin balancingtheloadamongpaths.Also, thedifferentsubmessagescanbetransmittedandpropagated
concurrently, therebyreducinglatency. However, all submessagesmustbereceivedbeforethemessagecan
bereconstructed,sothedelayalongtheslowestpathdeterminesthedelayof themessage.

To overcomethe“weakestlink” sensitivity of dispersityrouting,Maxemchukalsosuggestedredundant
dispersity routing: a number(r) of additional,“redundant”submessagesarederivedfrom theoriginal ones
andarealsotransmitted,andany sufficiently largesubsetof submessagessufficesfor thereconstructionof
theoriginalmessage.Later, Rabin[14] suggestedtheInformationDispersalAlgorithm(IDA), whichimple-
mentsredundantdispersal,andanalyzedit in thecontext of interconnectionnetworkssuchasahypercube.

Redundantdispersalcantoleratesomeloadedpaths,but increasestheoverall load,reducescapacityand
may thuseven increasedelayandlossprobability. This problemcanbe mitigatedby usingthe recently-
proposedprioritized dispersal scheme[12], whereby“redundant”submessagesreceive lower priority than
the“original” onesanddo not interferewith them;moreover, theuseof non-FCFSqueuingpoliciesfor the
redundantsubmessagesleadsto thetimely arrival of at leasta fractionof themevenunderheavy load.

Castingprioritizeddispersalin genericterms,it entailspartitioningataskinto msubtasksalongwith r re-
dundantsubtasks,andassigningthetasksto arandomly-chosensetof m r resources.While noknowledge
pertainingto theloadon theresourcesis availableat assignmenttime, theassignmentof low priority to the
redundantsubtasksactsat eachresourceto exploit it whenavailablewhile deferringto “original” subtasks
whenit is loaded.This helpsbalancetheloadamongtheresourceswith a biastowardfair treatmentof the
differenttasks.Clearly, this schemeis imprecise,but thepartial informationthatdoesgetused(implicitly)
is current,andanalysisshows it to offer substantialadvantages.

JSQandprioritizeddispersalrepresentdifferentapproachesto helpingbalancethe load. Themaincon-
tribution of this paperis JSQ-PD,a family of schemesthat combinethe two approaches.Using a simple
memberof thefamily, weshow thatthishybridapproachmayoffer substantialbenefits.

The remainderof the paperis organizedas follows. In section2., we describethe JSQ-PDfamily of
schemes.In section3.,wedescribeandanalyzeaspecificscheme.Section4. presentsanumericalcompar-
isonamongschemes,andsection5. offersconcludingremarks.

2. The JSQ-PDfamily of schemes

JointheShortestQueueandPrioritizedDispersal(PD) pursuecomplementaryapproachesfor loadbalanc-
ing. JSQexploits stateinformation,but mustdo so at an early stage(taskarrival time). PD, in contrast,
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employs an initially randomdecision;however, the additionallow-priority tasksthat areassignedto re-
sourcespermit it to take advantageof thosewhen they are available (without causingany harm). This
“decision” whetheror not a low-priority taskreceivesservice,albeitdistributed,impreciseandimplicit, is
postponedandthusbenefitsfrom morecurrentstateinformationat theresources.

Motivatedby thisobservation,weproposeto combinethetwo schemes:theinitial decisionis basedonthe
availablestateinformation,but redundant,low-priority tasksareassignedto additional,presumablybusier,
servers. Thesimplestform is taskreplication,but thesameideacanbeappliedin conjunctionwith any of
theaforementionedJSQor dispersalschemes.

We next describea specificJSQ-PDscheme,presenta queuingmodelanduseit to analyzethescheme’s
performancein termsof delaydistribution.

3. Analysisof a simpleJSQ-PDscheme

3.1 The (1,1)JSQ-PDScheme

For eacharriving task,two resourcesarepickedat random(from amongtheavailableresources)andcon-
sidered.Onecopy of the taskis assigneda high priority andis submittedto the resourcewhosequeueis
believed to be shorter, anda secondcopy is assigneda low priority andsubmittedto the resourcewhose
queueis believedto belonger. In thecaseof equalityor lack of queue-stateinformation,theassignmentis
random.Serviceis providedby a resourcebasedon priority. H-P tasksareservedFCFS,andL-P onesare
servedLCFS.

3.2 Queuingmodel

We modelthesetof parallelresourcesasa systemof N parallelqueues,oneperresource.Thetwo copies
of a taskareassignedto two randomlychosenqueues.N is assumedto belargeandthequeuesareassumed
to bei.i.d., soit sufficesto analyzea singlequeue.

The orderof servicein the queuesis FCFSfor the high priority submessagesand LCFS for the low-
priority ones.A preemptive-resumepriority disciplineis usedto favor H-P tasks,andis alsoappliedamong
low priority tasks.Thelatteris mainly for simplicity of analysis.

Thearrival processof H-P tasksto any singlequeueis Poissonwith rateλ; taskservicetime is distributed
exponentiallyandindependentlyfrom taskto task,with mean1

µ; theresultingloadis ρ λ
µ. Thesameholds

for theL-P tasks.WealsoassumethattheH-P andH-P arrival processesto any givenqueueareindependent.

We assumethat the task-assignmentalgorithmdoesnot know whetherthestateinformationthat it pos-
sessesis reliable. We expressthis questionablereliability asa probability: for any given arriving task,
thereis probabilityPlb thattheinformationis reliable,resultingin a correctJSQdecision;with probability
Pnb 1 Plb, theinformationis unreliableandtheresultingassignmentis effectively random.

We now proceedto analyzea single priority queuewith FCFSservicefor H-P customersand LCFS
servicefor L-P customers.In view of the symmetryand independenceamongqueues,this suffices. It
should,however, benotedthat thequeuestatesasseenby arriving taskscanbecomecoupledthroughthe
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assignmentpolicy. With pureJSQ,for example,it is known that the queuejoined by the L-P task is at
leastaslong asthat joinedby thecorrespondingH-P task.We begin theanalysisby computingoccupancy
probabilities,andthenusethoseto computethedistribution of delay.

3.3 Occupancyprobabilities for the 1 1 JSQ-PDscheme

Mitzenmacher[2] andVvedenskaya[3] considereda systemin which tasksareassignedto the resource
with theshortestqueueamongd resourceschosenrandomlyfrom amongN d resources.They do not
assumethatqueuesareindependent(but theresultsobtainedareasymptoticallythesameasthoseobtained
for independentqueues).They analyzedsucha systemwith Poissonarrivals of tasksandexponentially
distributed servicetimes,andshowed that the decayof the tail of the occupancy probability function is
doublyexponential.This is anexponentialimprovementover thenon-balancedcase,whereineachtaskis
assignedto a randomlychosenserver. In [2], theanalysiswasextendedto thecasewhereinreliablequeue-
lengthinformationexistsandis usedwith probabilityPlb; with probabilityPnb 1 Plb, suchinformation
is unavailableandtheassignmentis maderandomly. (Weuse“nb” and“lb” to denotenobalancing(random
assignment)andloadbalancing(JSQ),respectively.)

Ouranalysisof 1 1 JSQ-PDusesthefactthatL-P tasksdonotinterferewith theH-P ones.Consequently,
theoccupancy probabilitiesfor H-P tasksis equalto theoccupancy probabilitiescalculatedby [2] and[3]
for asinglepriority level.

Let Li betheprobabilityfor at leasti high-priority tasksin a randomlychosenqueue.By [2],

Li ρLi 1 Pnb 1 Pnb Li 1 ; L0 1 0 pnb 1

For pureJSQ(informationalwaysavailable),thisbecomes

Li ρ2i 1 pnb 0

Pi, theprobabilityfor i high-priority tasksin a randomlychosenqueueis simply

Pi Li Li 1

With anLCFS–preemptive-resumequeueingdisciplinefor the L-P tasks,thedelayof a taggedL-P task
dependsonly on thenumberof H-P tasksthat it seesuponarrival andon thenumberof H-P andL-P tasks
thatarrive (subsequently)beforeits serviceends.Thenumberof L-P tasksfoundin thequeueat thetagged
L-P task’s arrival time doesnot affect its delaybecausethey arenot served until the taggedtask’s service
ends.

Let PH k lb and PH k nb denotethe probability that an arriving H-P task joins a queuewith k H-P

customersgiventhat it chosetheshortestamongthetwo queuesor a queueat random,respectively. Also,
let PL j lb k and PL j nb k denotethe probability that an arriving L-P task joins a queuewith j H-P

tasksgiven that its H-P partner, having chosenthe shorteramongtwo queuesor oneof themat random,
respectively, joinedaqueuewith k H-P customers.

Obviously, whenthequeuesarechosenat random,

PH k nb Pk k 0 (1)
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and
PL j nb k Pj j 0 (2)

WhentheH-P taskjoins theshortestqueue,

PH k lb 2Pk Lk 1 P2
k 2Pk 1

k

∑
j 0

Pj P2
k k 0 (3)

and
PL j lb k

Pj

Lk

Pj

1 ∑k 1
j 0Pj

j k (4)

3.4 DelayDistribution

Thedelayincurredby a taskis theminimumof thedelaysincurredby its copies.In this sectionwe derive
D t , theprobabilitythatthis delayis smallerthant. Let DH t k nb andDH t k lb denotetheprobability
that thedelayof an H-P taskis smallerthant given that it joins a queuewith k H-P tasksbasedon JSQor
randomassignment,respectively. Also, let DL t k nb , DL t k lb denotetheprobabilitythatthedelayof an
L-P taskis smallerthant giventhat its H-P partnerjoins a queuewith k H-P tasksbasedon JSQor random
assignment,respectively. Then,

D t Pnb

∞

∑
k 0

PH k nb D t k nb Plb

∞

∑
k 0

PH k lb D t k lb where

D t k nb 1 1 DH t k nb 1 DL t k nb and

D t k lb 1 1 DH t k lb 1 DL t k lb

The delayof an H-P taskthat joins a queuewith k H-P tasksconsistsof k 1 exponentiallydistributed
servicetimes,so

DH t k lb DH t k nb
t

0

µ µx k exp µx

k!
dx

If the H-P taskjoins a queuewith k H-P tasksbasedon JSQ,its partnerL-P taskjoins a queuewith at
leastk H-P tasks. In the caseof a randomselection,the arriving L-P taskseesthe a priori queuelength
distribution. Consequently,

DL t k nb
∞

∑
i 0

DL
i t Pi and

DL t k lb
∞

∑
i k

DL
i t PL i lb k

Substitutingfor PL i lb k from (4) yields

DL t k lb
∞

∑
i k

DL
i t

Pi

1 ∑k 1
j 0Pj

whereDL
i t is theprobabilitythatanarriving L-P taskthatfinds i H-P tasksin thequeueincursadelayless

thanor equalto t.

6



Derivation of DL
i t

To derive thesojourntime (delay)distribution of a low-priority subtaskthatfinds i high-priority tasksin
the queuewhenit arrives,we first definea stochasticprocessU t – the remainingwork (at time t) that
shouldbedonebeforetheterminationof theserviceof thetaggedlow priority subtaskthatarrivedat time
t0. The sojourntime of the taggedsubtaskis the time neededfor U to reachzero. U t0 consistsof the
residualservicetimeof theH-P subtaskin serviceplustheservicetimeof thehighpriority subtaskswaiting
in thequeue.U t0 includes,in addition,thetaggedsubtask’s servicetime. If high-or low-priority subtasks
arrive beforeU reacheszero,their servicetimesareaddedto U . Onemaynoticethat,sincethesystemis
work conserving,U t is independentof theorderin which serviceis grantedto thosethatareservedprior
to thecompletionof thetaggedL-P subtask’s service.
For convenience,we assumethefollowing orderof service:first serve theH-P subtaskin service,thehigh
priority subtasksthatwerewaiting in thequeueat t0 andthetaggedL-P subtask(all togetherareconsidered
as “the first service”, with Laplacetransformedtime distribution B

f
s ). Then serve the (high and low

priority) subtasksthatarrivedduringthefirst serviceandafterwarduntil U reacheszero.
This procedureis thesameastheoneusedto derive thedistribution of busyperioddurationin a queuein
whichthereis exceptionalfirst service(U t0 Bf s in ourcase).For suchsystems,theLaplacetransform
of thebusyperiodis

Dil
s B

f
s 2λ 2λY

0
s (5)

whereY
0

s is theLaplacetransformof thebusyperiodin anordinaryM/G/1 queue(with non-exceptional
first service)andarrival rate2λ. It canbecalculatedas

Y
0

s B s 2λ 2λY
0

s (6)


